We investigate a relation of the contravariant geometry to the emergent gravity from noncommutative gauge theories. We give a refined formulation of the contravariant gravity and provide solutions to the contravariant Einstein equation. We linearize the equation around background solutions, including curved ones. A noncommutative gauge theory on the Moyal plane can be rewritten as an ordinary gauge theory on a curved background via the SeibergWitten map, which is known as the emergent gravity. We show that this phenomenon also occurs for a gauge theory on a noncommutative homogeneous Kähler background. We argue that the resulting geometry can be naturally described by the contravariant geometry under an identification of the fluctuation of the Poisson tensor with the field strength obtained by the Seiberg-Witten map. These results indicate that the contravariant gravity is a suitable framework for noncommutative spacetime physics.
Introduction
The theory of quantum gravity is a long standing problem. At present, string theory is one of the promising approaches to this problem. In string theory, the string length l s can be considered as a natural cut-off scale, which gives a minimal length in the low energy physics. This idea is implemented by introducing an uncertainty in spacetime [1] . In analogy to quantum mechanics, where the uncertainty on phase space implies noncommutativity of phase space coordinates, the uncertainty of spacetime implies noncommutativity of spacetime coordinates.
In quantum mechanics, the noncommutativity of observables can be obtained by the quantization of the corresponding Poisson structure. Conversely, the Poisson structure can be derived from the quantum system by a semi-classical approximation. Analogously, the noncommutativity of spacetime would be obtained by the quantization of a certain Poisson structure. The problem is that gravity on such a noncommutative spacetime is not well understood.
The contravariant gravity provides one approach to this problem. Since the contravariant gravity contains both a metric and a Poisson tensor as dynamical variables, it can be considered as a semiclassical approximation of gravitational physics on a noncommutative spacetime [2] . This theory is based on the contravariant connection [3] [4] [5] [6] [7] [8] [9] that is determined by compatibility of the Riemann structure and the Poisson structure [10] . This kind of gravity theories has been also discussed to understand the nongeometric background and the nongeometric fluxes which appear after performing successive T-duality transformations in string theory and supergravity [10] [11] [12] [13] [14] [15] . In the framework of double field theory, such gravity theories appear as well [16] [17] [18] .
Gauge theories on a noncommutative spacetime, noncommutative gauge theories for short, are better understood than gravity on a noncommutative spacetime. In string theory, the noncommutative gauge theory with the Moyal star product appears as an effective theory on a stack of D-branes on a constant NSNS B-field background [19] . In the paper [19] , a notion of the Seiberg-Witten map is formulated, which gives a relation between noncommutative gauge theories and usual gauge theories.
Some noncommutative field theories appear as a certain continuum limit of the matrix theories which are expected as constructive definitions of string theory and quantum gravity [20, 21] . Once the classical solution of the matrix theory is given, one can find the corresponding spacetime with a metric and some other geometric structures [22] [23] [24] . In terms of the matrix theory, the star product is derived by the continuum limit of the matrix product, and the gauge field can be identified with the fluctuation around the solution of the matrix theory. For instance, the star product on the complex projective planes can be realized in the large matrix size limit of the matrix product [25] . From the BFSS matrix model, the IKKT matrix model and their variants, one can obtain the noncommutative gauge theory on the Moyal plane [26] and that on the fuzzy tori [27] and the fuzzy sphere [28] . See also [29] .
An interesting relation between gravity and noncommutative gauge theory on the Moyal plane is pointed out in [30, 31] . A gauge theory on a noncommutative flat space can be re written by a nonlinearly interacting gauge theory on a curved background via the Seiberg-Witten map. The curved background obtained in this procedure is induced by the gauge field. The background curvature becomes nonzero if the gauge field strength is nontrivial, even though the original noncommutative space is flat. Since this can be interpreted that a geometric structure emerges from gauge theories on noncommutative space, this phenomenon is called emergent gravity or emergent geometry [30] [31] [32] [33] [34] [35] .
The main focus of this paper is to provide a geometric picture of the metric arising in the emergent gravity. We argue that the contravariant geometry gives an appropriate geometric framework to describe the emergent gravity. We find that the corresponding curvature has a simple interpretation as the curvature in the contravariant gravity. This is also the case when we start with a noncommutative gauge theory on a curved background. To be more specific, we consider a noncommutative gauge theory on a homogeneous Kähler manifold by using an action which is constructed in [36, 37] .
Paper is organized as follows. In section 2, we give a refined formulation of the contravariant gravity which is based on the Poisson-Lie algebroid. We provide the equation of motion, a corresponding action and gauge symmetry structure of the contravariant gravity. Examples of solutions of the equation of motion are presented. We also consider the linearization of the equation of motion. In this paper, the fluctuation of the Poisson tensor is introduced in addition to the fluctuation of the metric. We give a general formula of the linear approximation of the contravariant Riemann tensor around a general background.
In section 3, we discuss the relation between the emergent gravity and the contravariant geometry. Following the argument by [30] , we first review how to relate gravity with noncommutative gauge theories. For the Moyal plane case, we find that the Ricci scalar obtained in emergent gravity coincides with the contravariant Ricci scalar constructed by the flat metric and a certain configuration of the Poisson tensor. The fluctuation of the Poisson tensor turns out to be identified with that of the gauge field.
In section 4, we first apply the emergent gravity argument to a gauge theory on a noncommutative homogeneous Kähler manifold [36, 37] . We find that the resulting geometry does not always allow a Kähler structure. We present a condition on the gauge field for the emergent metric to satisfy the Kähler condition. In this case, we find that the contravariant geometry works also as an appropriate framework, where we simply assume that the background Poisson tensor is given by the symplectic structure of the background Kähler manifold. The fluctuation of the Poisson tensor of the contravariant gravity can be identified with the fluctuation of the gauge field strength. Under this identification we find that the contravariant Ricci scalar coincides with the ordinary Ricci scalar of the geometry obtained in the emergent gravity.
Contravariant gravity
In this section, we revisit the formulation of the contravariant gravity. Fundamental materials are already given in [10] and also [2] . Here, we explain briefly the construction of the contravariant gravity and its gauge symmetry. Let (M, G, π) be a Riemann-Poisson manifold, where M is a smooth manifold, G ij is a metric and π = (1/2)π ij ∂ i ∧ ∂ j is a Poisson bi-vector. The equation of motion of the contravariant gravity without matter fields is given bȳ
whereR is an analog of the Ricci scaler which will be given in (2.39). We call this equation the contravariant Einstein equation. The corresponding action will turn out to be invariant under the diffeomorphism with a gauge parameter X i which is given by
2)
and also the β-diffeomorphism [14] with a gauge parameter ζ i which is given bȳ
where we require that the gauge transformation does not break the Poisson condition. In the following subsections, after introducing the Poisson-Lie algebroid and the Poisson-Riemann geometry, we formulate an action of the contravariant gravity theory and see its gauge invariance. Finally, we provide solutions of the contravariant Einstein equation and discuss the linearized contravariant gravity.
Poisson-Lie algebroid
We give a definition of the Poisson-Lie algebroid (
is the anchor map defined by
where ξ is a 1-form 4 . The triple (T * M, [·, ·] π , ρ) is called the Poisson-Lie algebroid which satisfies axioms of the Lie algebroid:
where f is a function on M . We give a geometrical understanding of the Poisson-Lie algebroid which will play an important role in the discussion on the invariance of the contravariant gravity. In usual differential geometry, a Lie bracket between vector fields X, Y can be written by a Lie derivative [X, Y ] = L X Y . We can also interpret the Koszul bracket as a Poisson-Lie derivative of 1-forms [ξ, η] π =:L ξ η which is extended for general tensors in the following way. First, the SchoutenNijenhuis bracket for an n-vector 10) where the bracket in the right hand side is the ordinary Lie bracket between the vector fields.
where V = (1/n!)V i 1 ···in ∂ i 1 ∧· · · ∧∂ in is an element of ∧ n T M . This derivative is nilpotent d 2 π = 0 if and only if the bi-vector π satisfies the Poisson condition, [π, π] SN = 0. An interior product ι ξ : ∧ n T M → ∧ n−1 T M is given bȳ 12) where ξ = ξ i dx i is a 1-form. The Poisson-Lie derivative is defined for poly-vectors
for a function fL 16) for any vector field V . For an 1-form the Poisson-Lie derivative isL ξ η = [ξ, η] π , which is consistent with (2.13) and (2.14). For the Poisson-Lie derivative for a poly-form α = α 1 ∧· · ·∧α n is defined byL
A set of operations (d π ,L,ῑ) satisfies the Cartan algebra. Finally, we comment on a "β-isometry" of a Poisson manifold (M, π) based on the PoissonLie algebroid. The isometry is generated by the Poisson-Lie derivative for a 1-form ζ such thatL 19) for any η, ζ ∈ T * M . This conditions are equivalent with
This isometry group is an subset of the β-diffeomorphism in the contravariant gravity, which we will explain later.
Poisson-Riemann geometry
In this subsection, we introduce a notion of the connection for the Poisson-Lie algebroid. We can define geometric quantities for the connection: a Riemann curvature and a torsion tensor, as usual geometry for a connection. This geometry is also studied in mathematical contexts [5] [6] [7] [8] .
An affine connection of the Poisson-Riemann geometry is a map∇ : T * M × T * M → T * M which satisfies the following axioms∇ 24) where ξ, η and ζ are 1-forms. The curvature and the torsion of the affine connection are defined byR
These quantities are covariant, since they satisfȳ 28) for functions f, g and h on M . In terms of a local coordinate {x i }, the connection is specified by coefficients
for 1-form basis {dx i }. Then, the curvature tensor and the torsion tensor can be expressed as
(2.31)
Contravariant gravity
In this subsection, we review formulation of the contravariant gravity. So far we have considered the fixed Poisson tensor in the Poisson-Lie algebroid. From now on, we consider both the metric and the Poisson tensor as variables of the physical theory. We introduce a derivative by using the Poisson tensor: 32) and its covariantization of this derivative under diffeomorphism by using a connectionΓ in the following way,∇
where V i ∂ i is a vector field on the Poisson manifold. A commutation relation of this covariant derivative is
whereT andR are given by (2.30), (2.31), and
This tensor J ijk is zero by the Poisson condition. In the contravariant gravity, the torsionless condition is imposed:
which determines the antisymmetric part of the connection. We also impose a metric compatibility condition∇
The unique connection in terms of the metric and the Poisson tensor is determined by solving the torsionless condition and the metric compatibility condition:
The Ricci tensor and the Ricci scalar for the curvature tensor (2.31) are defined bȳ
The contravariant Einstein equation is
Note that the tensor G ij satisfies G ij∇ i G jk = 0 because of the Bianchi identities of the contravariant Riemann tensor.
To formulate the equation of motion by the action principle, we assume a symplectic case in which the Poisson tensor is invertible. We can construct an Einstein-Hilbert type theory:
where the integrand measure of this theory is determined by the divergence law:
for any 1-form ξ i dx i . This relation can be solved by
The action (2.41) gives the contravariant Einstein equation (2.40) . We can introduce a cosmological constant term to the Einstein-Hilbert type action.
The equation of motion with this cosmological constant term is
In the next section, we provide solutions of this equation of motion.
Gauge symmetry
The contravariant gravity, which is given by the Einstein-Hilbert type Lagrangian, is invariant under both diffeomorphism and β-diffeomorphism.
In the contravariant gravity we consider the Poisson tensor as a dynamical variable, and thus both the Poisson tensor and the metric are transformed as tensor under the diffeomorphism. The Poisson-Lie derivative can also generate symmetry which is called β-diffeomorphism. The gauge transformation of the β-diffeomorphism for the Poisson tensor and the metric is given bȳ
We note that the Poisson tensor is not a tensorδ ζ π ij =L ζ π under the β-diffeomorphism, because once we change the Poisson tensor underlining geometry totally change. We can also understand this gauge transformation rule from physical point of view. Here, let us write the Poisson-Lie derivative asL π ζ =L ζ to see the π dependence explicitly. If we assign δ ζ π ij =L π ζ π ij i.e. the Poisson tensor is a tensor under the β-diffeomorphism, a commutation relation of the β-diffeomorphism transformation gives
In this case, the algebra of this gauge symmetry fails to close. Therefore, we should define (2.48) to realize the β-diffeomorphism in a field theory, because a set ofδ and the fields is not a representation of the Poisson-Lie derivative. Next, we consider the diffeomorphism in the contravariant gravity. The diffeomorphism transformation rules for a coordinate transformation x i → x ′i are given by
For an infinitesimal diffeomorphism transformation x ′i = x i + X i , the transformation rules are
This gauge transformation is generated by the Lie derivative L X with the vector field X = X i ∂ i . We stress that the Poisson tensor should transform together with the metric to get the correct transformation of the contravariant Levi-Civita connection:
This formula can also be obtained from the axioms of the affine connection (2.24): On another local patch, say {x ′ i }, we have another set of basis of 1-forms {dx ′ i }. For this basis, we introduce the coefficientsΓ ′ as∇
On the intersection of the two local patches {x i } and {x ′ i }, we also havē
by using (2.24) and (2.29). Then we can extract the behavior of the coefficients under coordinate transformations (2.54).
Before closing this section, we mention a relation between the β-diffeomorphismδ and the diffeomorphism δ. Since from the 1-form ζ and the Poisson tensor π we can make a 1-vector ι ζ π, we see thatδ
The right hand side can be understood as a gauge transformation of a B-field in string theory B → B + dζ after applying the open-closed relation with a strong B-field limit [14, 19] .
Solutions of equation of motion
We give some configurations which solve the equations of motion either with or without cosmological constant (2.45) . In this section we consider Kähler manifolds, C n , CP n , the Eguchi-Hanson space, because these manifolds are implemented with a natural Poisson structure which is given by the inverse of the Kähler form. For a Kähler potential φ, the metric and the Kähler form are given by
where µ, ν, ... andμ,ν, ... denote indices of complex coordinates. A canonical Poisson structure π given by a matrix relation
Complex plane C n The simplest example is obtained by setting both the metric and Poisson tensor to be spatially constant. In terms of the Kähler potential, the metric is specified by
For the metric, we can obtain the corresponding Kähler form. The inverse of the Kähler form gives the Poisson structure on C n . As one easily sees that the contravariant Levi-Civita connection vanishes because it contains at least one derivative. Therefore, the curvature tensor, Ricci tensor and the scalar curvature become trivial. Thus this configuration is a solution to the equations of motion (2.1).
Complex Projective Space CP n A non-trivial solution is given by the complex projective space CP n . We show explicit formulas for CP 1 and CP 2 and then we explain the generic n case.
As is well known, the metric of the complex projective space CP 1 is given by the Fubini-Study metric
and the symplectic form, i.e. the volume form for this case, is specified by
In terms of Kähler potential the geometry is specified by
For these metric and the Poisson tensor we obtain
Then we see that the equation of motion without cosmological constant (2.1) is satisfied
It is also an example of the contravariant Kähler-Einstein manifold:
For the two-dimensional complex projective space CP 2 the corresponding Kähler potential is
The metric of the complex projective space CP 2 is given by
where the matrix entry i = 1, 2, 3, 4 corresponds to z 1 ,z 1 , z 2 ,z 2 , respectively. And the Kähler form, a symplectic form associated with a Kähler manifold, is
and its corresponding canonical Poisson structure π is
Then after some computation, we see that it turns out to be an Einstein manifold:
Hence this configuration is a solution to the equation of motion (2.1) with a cosmological constant Λ = −3. Finally, we show that the complex projective space CP n is a solution of the contravariant Einstein equation. The Kähler potential of this space is given by
We can easily show thatR
and this space solve the contravariant Einstein equation with a cosmological constant Λ = 1−n 2 .
Eguchi-Hanson Space
Another example is that known as Eguchi-Hanson space, which is Ricci flat. This solution is originally considered in the context of gravitational instanton. Its Kähler potential is given by 
where ǫ is an infinitesimal constant. We consider the first order approximation of the contravariant Riemann curvature at first. The contravariant Levi-Civita connection can be approximated byΓ
where Γ i jk is an ordinary Levi-Civita connection which is given by G −1 and ∇ is a covariant derivative with the connection Γ i jk . Using this connection we obtain the linearized contravariant Riemann tensor.
where the contorsion tensor K ij k is defined by
In this formula, we used the Poisson condition for π + ǫρ. See appendix A for detail calculations. So far we have considered fluctuations around a general background. In the following part of this section, we discuss fluctuation around a flat metric δ ij , G ij = δ ij + ǫh ij , and a constant Poisson background θ ij , π ij = θ ij + ǫρ ij . Around the flat background, the contravariant LeviCivita is
where indices are raised and lowered by δ ij not θ ij . Using (2.82), we get
(2.85)
The contravariant Ricci tensor can be written bȳ
(2.86)
Finally, the contravariant Ricci scalar is
Introducing∂ i = θ ij ∂ j , the Ricci tensor and the Ricci scalar arē
Therefore, the contravariant Einstein equation is simplified in the following form
As the usual linearized Einstein equation, we can find that
This equation implies that the remaining part of the equation (2.90) should be divergenceless.
Since this relation is satisfied by a linearized version of the Poisson condition: Before closing this section, we discuss a linearized version of the gauge symmetries of the contravariant gravity. In terms of h ij and ρ ij , the diffeomorphism transformations are
on the other hand, the β-diffeomorphism transformations arē
It is interesting that the symmetry transformation (2.96) looks like a diffeomorphism of the linearized Einstein equation (2.90), on the other hand (2.94) and (2.95) are diffeomorphism in terms of original symmetry of the contravariant gravity theory. We comment on the fluctuation of the Poisson tensor. In general, the deformation of the Poisson structure is a very difficult problem comparing to the deformation of the symplectic structure [3, [38] [39] [40] . Here, our consideration is restricted on the linearization level. On the other hand, in this paper we have not given any discussion on the causal structure of this theory. Since the derivations in the contravariant geometry are contracted with the Poisson tensor, we will have to reconsider the causal structure which is suitable for this geometry and even for the noncommutative geometry [9] .
Contravariant geometry and noncommutative gauge theory on Moyal Plane
In this section, we discuss a relation between the contravariant geometry and the emergent gravity from the noncommutative gauge theory on the Moyal Plane. First, we briefly review the idea of the emergent gravity which is based on the relation between gravity and the noncommutative U(1) gauge theory via the Seiberg-Witten map. Then, we show that the contravariant geometry is an appropriate framework for describing the emergent gravity by constructing the contravariant Ricci tensor for the resulting metric given in the emergent gravity scenario.
Noncommutative gauge theory on Moyal plane
Let us consider a D-dimensional noncommutative space where the star product f * g between functions f, g is defined, and the star commutator is denoted as
(3.1)
In terms of the local coordinate x i , the noncommutativity is characterized by
Here, we assume that the antisymmetric tensor θ ij does not depend on x i . This relation is realized by the Moyal star product
We consider the gauge theory on the Moyal plane. For the noncommutative gauge fieldÂ i , the gauge transformation with a gauge parameterλ iŝ
The field strength for the gauge field is given bŷ
This field strength is covariant under the gauge transformation δF ij = −i[F ij ,λ] * . The gauge invariant kinetic term of the U(1) gauge field is given by
where indices are contracted by the flat metric δ ij .
Seiberg-Witten map and emergent metric
The Seiberg-Witten map tells us existence of a relation between the noncommutative gauge field A i and the ordinary gauge field A i as [19] A =Â(A),λ =λ(λ, A).
The Seiberg-Witten map is characterized by a condition
where δ λ A i = ∂ i λ. The condition (3.8) can be solved order by order of the deformation parameter θ ij . An explicit expression of the Seiberg-Witten map of the first order of θ ij is given bŷ
9)
where F ij = ∂ i A j − ∂ j A i . By using (3.9), the noncommutative field strength can be calculated asF
For this field strength the kinetic term of the noncommutative gauge theory can be written by
It is known that this action of the noncommutative U(1) gauge theory (3.12) can be rewritten as [30] 
with
14)
where κ 0 is a constant which depends on D. This action (3.13) is interpreted as a kinetic term of the U(1) gauge theory on a curved background with a metric g ij [30] , see also [31] [32] [33] [34] [35] . We consider the U(1) gauge field in this paper and we take 5
The standard Ricci tensor and scalar of the resulting metric (3.15) are [30] 
One can consider introducing other fields, for instance a scalar field. In 4-dimensional case, when one adds the scalar field kinetic term to the action (3.12), it breaks invariance under the local scaling of the flat metric. This scaling rule determines the nonzero value of κ 0 as discussed in [30] . The noncommutative gauge theories given by matrix models also allow gravitational interpretation [32] . 5 In the literature [30] the constant κ0 is chosen as κ0 = 1 in D = 4. When we consider the D = 4 case, there is an ambiguity of a choice of κ0 in (3.15). Since the U(1) gauge theory (3.12) is Weyl invariant under the local scaling of the flat metric, κ0 in (3.15) of the resulting metric can be changed by the Weyl transformation gij → e φ gij. And thus κ0 can be taken zero. Except for D = 4, we should choose κ0 = 0.
Relation with contravariant geometry
In this section, we discuss relations with contravariant gravity and noncommutative gauge theory. A role of the fluctuation of the Poisson tensor in the linearized contravariant Ricci tensor becomes clear in the scenario of the emergent gravity.
In the linear approximation of the contravariant geometry, the Poisson condition is given by (2.93). Thus, the linearized Poisson condition can be interpreted as the Bianchi identity of the gauge theory. This suggests that the fluctuation ρ is identified with the gauge field A i in the following way
Here, we consider the metric as a background, we take the metric fluctuation in the contravariant gravity as
By using the relation (3.19), the contravariant Ricci tensor is
We can compare the result of the noncommutative gauge theory (3.17).
where the left hand side is calculated from the contravariant gravity, and the right hand side is obtained by the noncommutative gauge theory. Since the metric fluctuation is treated as a background, the nontrivial curvature can be recovered by the Poisson tensor. The equation (3.22) shows that we can identify the fluctuation of the Poisson tensor ρ in the contravariant geometry with the fluctuation of the emergent metric u by interchanging the role of derivative ∂ and∂ in this expression. As we will see in the Kähler manifold case this identification is more natural. For completeness we also discuss the relation between the contravariant gravity and the emergent gravity obtained from the matrix model in Appendix C. Therefore, the contravariant geometry is an appropriate geometric framework for the emergent gravity from the noncommutative gauge theory.
Contravariant geometry and noncommutative gauge theory on homogeneous Kähler manifold
In this section, we argue the relation between the contravariant geometry and the emergent geometry which we obtained from the gauge theory on the noncommutative Kähler manifold. First, we review a construction of noncommutative gauge theories on a homogeneous Kähler manifold. Then, we derive an emergent metric starting from the noncommutative theory. We show that the curvature of the contravariant geometry coincides with the one from the noncommutative gauge theory.
Noncommutative gauge theory on Kähler manifold
Our geometrical setup is the following: Let Φ be a Kähler potential of a homogeneous Kähler manifold (M, g), M ≃ G/H. The metric g and the Kähler form ω can be written by
The index µ runs from 1 to N . We also use i = {µ,μ} which runs 1 to 2N . In this case the Kähler manifold has Killing vectors
where f c ab is a structure constant of the isometry group of the Kähler manifold. We also assume these Killing vectors are (anti-)holomorphic ∂ µ ζν a = ∂μζ ν a = 0. For any 1-form α = α µ dz µ + αμdz µ , we define α a = ι La α = ζ i a α i = ζ µ a α µ + ζμ a αμ. The isometry group has a Killing form g ab which satisfies g ab ζ µ b ζν a = gν µ . Explicit examples are given in [36] . The noncommutative U(1) gauge theory on the homogeneous Kähler manifold is constructed in [37] . The kinetic term for the gauge field is given by 6
where the field strength for the gauge fieldÂ is defined bŷ
The leading order of noncommutative product * for functions f and g is given by
where we use the noncommutative parameter instead of θ. For this star product we can show that
by using the Killing equation
The gauge transformation is given bŷ
The field strength is covariant under the gauge transformationF ′ ab = U −1 * F ab * U . Under the infinitesimal transformation U = 1 − iλ, the gauge transformation is
The action is invariant under this gauge transformation. 6 The measure of the action is determined by the trace property which depends on a detail of the star product on the background manifold.
Seiberg-Witten map and emergent metric
In this section, we give formulas of the Seiberg-Witten map for the noncommutative U(1) gauge theory on the Kähler manifold. We rewrite the field strength and the gauge invariant kinetic term of the noncommutative gauge theory in a commutative picture by using the Seiberg-Witten map. The resulting action can be written by an ordinary gauge theory on a deformed background. Finally, we discuss well-known ambiguity of the Seiberg-Witten map.
Here, we consider the formal power series of for the gauge fieldÂ a and the gauge parameter λ.Â
The first order of of the equation (3.8) is
A solution of this equation is given by
To get this results we used holomorphy of the Killing vector and the Killing equations. The equation (4.13) is manifestly covariant under the general coordinate transformation of the background manifold. The field strength is expanded as follows:
The leading part of order 0 is just the ordinary field strength contracted with the Killing vector.
where
In the commutative picture, the kinetic term of the noncommutative U(1) gauge theory becomes
where higher corrections are omitted. The action (4.18) can be written by
20)
The metric g ′ is an Hermite metric because the tensor v is Hermite. For the Levi-Civita connection of the resulting metric g ′ , the Ricci tensor is given by
where R µν is the Ricci tensor with respect to the original metric g. The corresponding Ricci scalar is
We discuss deformation of geometric quantities such as the complex structure, the Kähler form and the Kähler potential. The complex structure is not changed
It can be understood by the fact that the star product is trivial if both functions are (anti-)holomorphic
The corresponding Kähler form of the metric g ′ is given by
where ω = ig µν dz µ ∧ dz ν is the Kähler form of the original metric g. Since the resulting Kähler form is not always closed, the manifold (M, g ′ ) is not a Kähler manifold in general. If the gauge field configuration satisfies F µν = Fμν = 0, (M, g ′ ) is a Kähler manifold. In this case, we can write
where φ is any functions on the manifold M. For this configuration of the gauge field, the Riemann curvature and the Kähler potential for this configuration is given by
where Φ is a Kähler potential for the metric g µν . Before closing this section, we note that there is well-known ambiguity of the Seiberg-Witten map which is given by
where α is an arbitrary constant and λ (1) is unchanged. We can easily show thatF ab dose not depend on α up to order . Therefore, if we consider only the gauge field, there is no ambiguity for the gravity side.
Relation with contravariant geometry
We have already provided that some Kähler manifolds are the solution of the contravariant gravity as explicit examples in the section 2.5. We assume that the Poisson structure is given by the inverse of the Kähler form ω. Nonzero components of the Poisson tensor are
On the Kähler manifold the Hermite metric is covariantly constant with respect to the ordinary Levi-Civita connection, and so is the Poisson tensor. Then, the contravariant derivative takes a simple form of∇
In this case, the contravariant Ricci scalar is also simplified as 32) where the left hand side is the ordinary Ricci scalar made out of G ij . We focus on the fluctuation of the Poisson tensor, and thus the metric fluctuation is taken to be zero. The Poisson condition for π ij + ǫρ ij can be solved generally by taking
where A i is an arbitrary vector field. Here, we take
by using the U(1) vector field A i . Since the Poisson tensor is covariantly constant, the fluctuation of the Poisson tensor can be written by
For this fluctuation of the Poisson tensor the contravariant Ricci scalar can be written bȳ
We can see that the contravariant Ricci scalar (4.37) is the same as the Ricci scalar which is obtained by the noncommutative gauge theory on a homogeneous Kähler manifold (4.23) with identifying 4ǫ = , G ij = g ij , ρ µν = −F µν and ρμ ν = Fμ ν .
Conclusion and outlook
In this paper, we discussed the emergent gravity from the gauge theories on the Moyal plane and on noncommutative homogeneous Kähler manifolds from the viewpoint of contravariant gravity. First, we revisited a formulation of the contravariant gravity. The contravariant Einstein equation and the corresponding action were presented and the gauge symmetry of the theory was discussed. Then, we found some new solutions of the contravariant Einstein equation with or without cosmological constant. The linearization around the general background was also examined in detail. The fluctuations of both metric and Poisson tensor were taken into account. We started with the discussion of a relation between the contravariant gravity and the emergent gravity from a noncommutative U(1) gauge theory on the Moyal plane. We focused on the fluctuation of the Poisson tensor in the absence of the metric fluctuation in the contravariant gravity side. Since the Poisson condition in the contravariant geometry can be interpreted as the Bianchi identity in the gauge theory, we could naturally identify the fluctuation of the Poisson tensor ρ ij with the gauge field strength F ij . We found that the linearized contravariant Ricci curvature coincides with the Ricci curvature of the emergent gravity via the first-order Seiberg-Witten map.
We generalized the above discussion to the case of a gauge theory on a noncommutative homogeneous Kähler manifold. Since the contravariant geometry contains the metric independently we could extend a discussion on the emergent gravity to that from the noncommutative gauge theory on a curved background. An explicit expression of the first-order Seiberg-Witten map was provided for the Kähler manifold case. We found that the gauge theory on a noncommutative Kähler manifold can be written as an ordinary gauge theory on a background deformed from the original Kähler geometry. The corresponding metric obtained in this procedure turned out to be not necessarily a Kähler metric in general. We discussed the condition on the gauge field configuration for the obtained geometry to admit a Kähler structure. We argued that the gauge field can be interpreted as the fluctuation of the Poisson tensor by comparing the curvatures on both sides. These results indicate that the contravariant gravity is a suitable framework for noncommutative spacetime physics.
We want to comment on our point of view of dynamics of gravity. Our understanding of the mechanism of the emergent gravity is that the gravity degrees of freedom emerge from the matrix theory. In our case, we start from a field theory on the noncommutative geometry including "gravity" as an original theory. We showed that the U(1) gauge theory on the noncommutative Kähler manifold corresponds to the ordinary U(1) gauge theory on the non-Kähler background in general, where we have used a mechanism similar to the emergent gravity. Our result supports that semi-classical approximation of "gravity" on the noncommutative space is the contravariant gravity. This is a different approach but closely related with the emergent gravity [30] [31] [32] [33] [34] [35] .
There are some interesting directions of this study. Higher order calculation for the SeibergWitten map of the noncommutative gauge theory on the curved background is an important part of the emergent gravity. For the Moyal plane case, the full order explicit formula of the Seiberg-Witten map is given in [41, 42] by using BRST symmetry for the noncommutative U(1) gauge theory, see also [43] . For the emergent gravity some higher order corrections for the metric are discussed in [31, 44] . We expect that this geometry can be naturally interpreted in terms of the contravariant geometry.
There is an ambiguity in the Seiberg-Witten map due to the non-uniqueness of solutions to the condition (3.8) [45] . This ambiguity in the Seiberg-Witten map changes the resulting metric as discussed in [46] . It is interesting to see these results from the contravariant geometry point of view. See [47] and references therein for more details of the Seiberg-Witten map.
In this paper, we focused on the ordinary Moyal star product and the star product on Kähler manifold which is discussed in [36, 37] . Another possibility is to consider the covariant star product which is given by the symplectic connection on the Fedosov manifold [48] . An interesting question is its relation to the emergent gravity.
It is also interesting to study the emergent gravity on the other curved backgrounds [49, 50] . Some configurations of curved geometry and the gauge theories on them appear from a continuum limit of the matrix theory. For instance, the fuzzy four sphere is considered in [51] [52] [53] . In these discussions averaging the Poisson tensor plays a role in recovering spacetime symmetry, which is discussed also in [54] . The higher spin degrees of freedom are also argued in matrix theory, and so it would be an important problem to construct geometric frameworks to handle those degrees of freedom.
A Linearization of the contravariant Riemann tensor
We show detail calculations for the formula of the linearization of the contravariant Riemann tensor (2.82). The linearized contravariant Levi-Civita connection is
For this connection, we get
First, we focus on parts of the Riemann tensor including h ij .
where in the third equality we used
Next, we consider the fluctuation of the Poisson tensor.
On the other hand,
We need short calculation for checking (4) and the double underline part. By summarizing these equation we obtain Finally, we obtain
The last line (A.13) vanishes if the Poisson condition is satisfied for a bi-vector θ ij + ǫρ ij .
B Details of curvature on Kähler manifold
We show detail calculations for the formula of the Ricci curvature from the gauge theory on the homogeneous Kähler manifold (4.22) . Let Γ be the ordinary Levi-Civita connection. For any connection Γ c which has torsion in general, we can write
where T is a contorsion tensor of the connection Γ c . For this connection, we get
where R c k lij is the Riemann curvature for the connection Γ c and ∇ (c) is a covariant derivative with respect to the connection Γ c .
Let us consider Γ c as the Hermitian connection. In this case, the nontrivial components of the connection are given by
where µ, ν, ... andμ,ν, ... denote indices of complex coordinates. In this case, the components of the contorsion tensor are where we assume that the background metric g µν is a Kähler metric. In this case, the contorsion tensor for the background metric vanishes, we get 
C Poisson geometry and noncommutative emergent gravity
In the section 3.1, we reviewed the effective metric obtained from the noncommutative gauge theory [30, 31] . The emergent gravity is also discussed in the context of the matrix model [32, 33] . We discuss here the effective metric of a scalar field on generic n-dimensional spacetime from the matrix model along with an argument by [55] . Then, we consider relation between this argument and the contravariant geometry. Let us consider a simple matrix model action with a scalar field Φ:
where the indices are contracted by a flat metric. We interpret the matrix X a as an embedding function x a :
When we formulate the theory using the deformation quantization, the matrix commutator is represented by the commutator of the star product [f, g] * = f * g − g * f . In a semi-classical approximation, the star product commutator reduces to the Poisson bracket [f, g] P B = iπ ij ∂ i f ∂ j g. And thus, in the semi-classical approximation, the commutator of matrices is given by
where π ij is a Poisson tensor and also
In this semi-classical approximation, the action turns out to be
where g ij is an induced metric given by the embedding function and ω is the inverse of the Poisson tensor. From this action, the effective metric of the scalar field is
where (e σ )
n−2 2 = det g det π.
(C.7)
The equation of motion of the Poisson tensor is ∇ k (e σGkiGlj ω ij ) +∇ j (e −σ ηπ jl ) = 0, (C.8)
where∇ is a covariant derivative of the Levi-Civita connection of the effective metric and η = 1 4 e σGij g ij . Here, in [55] the following ansatz is taken to solve the equation of motion:
For generic spacetime dimension, the equation of motion of the Poisson tensor becomes e −σ = const., (C.10)
There are more detail analysis [55] for the case in four-dimensional spacetime. For the background which satisfies the equations (C.10) and (C.11), we can see that the equation of motion of the scalar field can be written in terms of the contravariant Levi-Civita connection on the contravariant geometry: 12) where the indices are contracted by the embedding metric. Furthermore, the contravariant Ricci curvature becomesR
where R ij is ordinary Ricci tensor. The typical examples of such backgrounds are the Kähler manifolds which is discussed in the section 2.5. In the emergent gravity, the dimensional reductions to the four-dimensional spacetime and the self-duality of the symplectic form have also been studied [32, 33, 55] . These arguments might give deeper understanding for the contravariant gravity.
